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Abstract For any positive integer n, let m (nm) denote the integer part of k-th root of n. 
That is, mg(n) = [n | . In this paper, we study the properties of the sequences 


{mq(n)}, and give an interesting asymptotic formula. 


Keywords: _ Integer part; Mean value; Asymptotic formula. 


81. Introduction 


For any positive integer n, let m (mn) denote the integer part of k-th root of 
n. That is, mg(n) = [nt] . For example, mq(1) = 1, m,g(2) = 1, mq(3) = 1, 
mq(4) = 1, +++, mq(2*) = 2, mq(2* + 1) = 2, ---, mq(3*) = 3, ---. In prob- 
lem 83 of [1], Professor F. Smarandache asked us to study the properties of the 
sequence {m,(n)}. About this problem, it seems that none had studied it, at 
least we have not seen related paper before. In this paper, we use the elemen- 
tary methods to study the properties of this sequence, and give an interesting 
asymptotic formula. That is, we shall prove the following: 


Theorem. m™ is any fixed positive integer, a is a real number . For any real 
number x > 1, we have the asymptotic formula 


(2k — 1)o,_-a(m) 
mi-@ 


Y= Ga((ma(n),m)) = 240 (ate), 


N<x 


where oo() = Van a, € is any fixed positive number. 
When a = 0,1, we have 


Corollary. For any real number x > 1, we have the asymptotic formula 


YS d((mg(n),m)) = CR VOU), | (gta), 


D> o((mg(n),m)) = (2k — 1)d(m)x + O (a 3e**) , 


N<ax 
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where d(n) is divisor function, o(n) is divisor sum function. 


§2. One lemma 
To prove the theorem, we need the following lemma. 
m is any fixed positive integer, a is a real number. For any real 


Lemma. 
number x > 1, we have the asymptotic formula 


YX eal(nym)) = 29 + O (ade) 


nN<ux 
where og(n) = >> dn @% € is any fixed positive number. 


Proof. Let 
( ) -_ 3 Fo((m, n)) 
(8) = 
n=1 
(m,n) is a multiplicative function.we can 


For m is a fixed number, f(7) 
proof that o.((m,7)) is a multiplicative function too. 


From the Euler product formula, we have 
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And for 


oo “alin 2 K B(o) 


y ne 21, 


n=1 


Ioa((m,n))| < K = (a), 


where x is a constant only about m and a, a > 1 is real part of s. So we 
let so = 0, b = 2, T = «3/2. When z is a half odd, we let N = x — 1/2, 


||z|| = |a — N|. By Perron formula, we have 
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Yoalfin= sof 


ar x 1/2+e 
a = ¢(s) R(s) : ds + O(a i: 
Where 
1 1 1 
ns)= TT 1+ tat t+aea) 
palm SP 


To estimate the main term 


1 2+iT x 
= 7 =, )R(3) ds, 


we move the integral line from 2 + iT to 1/2 4 


t 77’. This time, the function 
x 
¢(s)R(s)— 


s 
have a simple pole point at s = 1, so we have 


1 QHiT 1/24iT 1/2-iT 2-iT x 
= i. rf | re ih + | C(s)R 
270 \ Jo—iT 24iT 1 1 


(s)—ds — R(1)ax 
/24+iT /2-iT 8 
Taking T = x2, we have 
1 s+iT 2-iT 8 
— is +f ¢(s)R(s) ds 
Q2nt \ Jo+iT 147 $ 
2 we 
aa 6 ((o + iT) R(5) do 
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i 2 
ee 
And we can easy get the estimate 
1 3-7 “8 Plea 3 
— Ad | 1s yR(s) 22 | at < ab; 
ee C(s)R(s) ds] < fo |C(g + i) R(8) | dt < 
For 
{ : 1 | 1 T1-a(m) 
RQ) = J] (1 Pah acy toe ) 
p8 ||m 


We can have 


This completes the proof of Lemma. 
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83. Proof of the theorem 


In this section, we shall complete the proof of Theorem. For any real number 
x > 1, let N be a fixed positive integer such that 


N¥ <a <(N+4+1)*. 


from the definition of m (n) we have 


S> aa((mg(n),m)) = > oa(([n*],m)) 


= YD aal(fit],m))+ SD cal(lit],m)) 
Lk<i<ak Qk <i<3k 
fay. Segal S- oa(([i*],m)) + O(N®)t) 


N¥<i<a<(N+1)* 
= (2*—1)aa((1,m)) + (3° — 2" )oa((2,m)) 
s+ [(N +1)" — N*]oq((N,m)) + O(N*) 


DIG + Y* — j*oa((5,m)) + O(N), 
5<N 


+ 


where ¢ is any fixed positive number. 
Let A(N) = ye Ja((j,m)). From Lemma, we have 
ISN 
Ol-a (m) 
Qa 


A(N) = De cal, m)) = m1- 


JEN 


N+O (Nit) 


And letting f(j) = [(j + 1)* — j*]. By Abel’s identity, we have 


So (G+ D* — j*Joa((J,m)) 


= jana) N+0(N2**)](N + 1)*— NE 
N 
—A(1) (1) fre +O (t2*°)) 
1 


heey ae ae 
From the binomial theorem, we have 


(2k = 1)o1~a(m) 


mi-a 


So [G +1)* - i oa((i,m)) = 


ISN 


N* oO (Neat) 


On the 83-th Problem of F: Smarandache 87 


So 
DL al(mg(n),m)) = S oal({n#],m)) 
= YG +* -soa((i,m)) + O(N*) 
ISN 


This completes the proof of Theorem. 
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